Taking into account differences between a drill pipe (DP) and a drill collar (DC), the drillstring in a vertical well is modeled as a stepped pipe conveying a drilling fluid downwards to the bottom inside the string and then upwards to the ground from the annulus. An analytical model that describes lateral vibration of the drillstring and involves the drillstring gravity, weight on bit (WOB), hydrodynamic force and damping force of the drilling fluid is established. By analysis of complex frequencies, the influences of WOB, borehole diameter, DP length, velocity and density of the drilling fluid on the stability of the system are discussed. 
Introduction
The drillstring is the most widely used and important part of the drilling rig system of petroleum and natural gas. Working under complex conditions, the drillstring is apt to lose stability and collides with the borehole wall seriously. It would lead to reduction in both the quality of wellbore and the service life of drilling tools, and result in the raise of drilling costs ultimately (Hakimi and Moradi, 2010; Zamani et al., 2016; Navarro-López et al., 2007) .
In the recent years, many researches on transverse vibration of the drillstring have been conducted. But most of these works ignored the interaction between the drillstring and drilling mud. The conventional exploitation mode of oil and gas reservoir is through the vertical well, and the studies on dynamic characteristics of the drillstring in the vertical well are the most. The influence of installation sites of stabilizers on lateral vibration of the drillstring was discussed by Zhao et al. (2014) and Mongkolcheep et al. (2015) . Considering the damping effect of the drilling fluid, Ghasemloonia et al. (2013 Ghasemloonia et al. ( , 2014 analyzed the coupled axial-transverse vibration of the drillstring in vibration-assisted rotary drilling, however the flow effect was not included. With the widespread implementation of extended reach wells in offshore and onshore oilfields, the dynamic characteristics of drillstrings in the horizontal and inclined wells also attract attention of the researchers. Considering the drillstring in an inclined well as a simply supported axially moving rotor, Sahebkar et al. (2011) derived the kinetic equation of the string by means of Hamilton's principle. Zhu and Di (2011) and Zhu et al. (2012) studied the effect of pre-bent deflection on lateral vibration of drill collars in horizontal and inclined wells respectively. Tikhonov and Safronov (2011) and Samuel and Yao (2013) developed a two-dimensional transverse vibration model of the drillstring to three-dimensional circumstances. Because of the complexity of the drillstring system, the influence of drilling fluid flow on the dynamic response of the drillstring was not considered in these studies.
With the whole process of drilling operation, both the hollow drillstring and the annular space between the drillstring and borehole wall are filled with a drilling fluid flowing axially. The drillstring could be regarded as a flexible and slender pipe conveying fluid in the wellbore. Fluid-solid coupling vibration of the fluid-conveying pipe has attracted considerable attention for its extensive engineering applications and rich dynamic responses (Jin and Song, 2005; Xu and Yang, 2006; Panda and Kar, 2007; Wang, 2009; Ni et al., 2015) . As early as 1978, Hannoyer and Paidoussis (1978) established a dynamic model of tubular beams simultaneously subjected to internal and external axial flows based on dynamics of cylindrical structures subjected to axial flow (Paidoussis, 1973) . Later, Zhang and Miska (2005) reduced the drillstring to a uniform tubular beam, and used the model of fluid-conveying pipe to simulate the dynamic stability of the drillstring system in response to its own weight, WOB and drilling fluid flowing inside and outside the string. In 2008, Paidoussis et al. (2008) revised the expression of the frictional viscous force in the normal direction due to the external flow used in the previous studies (Luu, 1983) , and discussed the effect of flow velocity on the stability of the drillstring-like system with a floating drill bit by using Galerkin-Fourier method. Meanwhile, Qian et al. (2008) studied dynamics of the drill-string-like system in the counterflush drilling process where the drilling fluid flowed downwards to the bottom through the annular region and returned upwards to the ground in the drillstring. The model of the fluid-conveying pipe could reflect the characteristics of fluid-structure interaction of the string system well, which was validated by an experiment (Rinaldi and Paidoussis, 2012) . In these analytical models, however, the drillstring was reduced to a uniform pipe that was very different from the actual drillstring. The drillstring is mainly composed of DP and DC. Compared with DP, DC has larger outer diameter and smaller inner diameter which makes both the line density and stiffness of DC much larger than those of DP. Under a given drilling pressure, the dynamic prediction of the uniform string model, whose neutral point (the point where the axial force is zero) is much higher than that of the actual drillstring, may be inaccurate.
In view of the complexity and diversity of make-up of the string, well path, drilling fluid properties and drilling parameters, it is still impossible to describe the dynamic response of the drillstring system quantitatively. At present, it remains the main way to explore the effect of a single factor on the system and coupling interaction among several factors. The present study is concerned with the dynamics of the drillstring that is in a vertical well and simplified to be a stepped fluid-conveying pipe composed of DP and DC. Considering the drillstring gravity, WOB and drilling fluid flowing inside and outside the string, an analytical model of lateral vibration of drillstring is proposed. The effect of the fluid-pipe interaction and the drillstring structure on the stability of the drillstring system is discussed.
Dynamic model
The drillstring that is composed of DP, DC, connector and a variety of accessories plays an important role in conveying drilling fluid, exerting WOB and transmitting power on the bit. In the drilling process using a PDC bit or an impregnated diamond bit, the bottom hole rock is broken by cutting or grinding. So, WOB fluctuates weakly and could be reduced to a constant value. Under the action of drilling pressure and floating weight, the upper part of the drillstring is subjected to tensile stress and the lower part is compressed. To avoid the DP from buckling, the neutral point is generally located at the section of DC. Generally, the drilling fluid is pumped downwards through the inner channel of the drillstring from the well head, flows through the drill bit and returns to the ground along the annular space between the drillstring and borehole wall. Ignoring the influence of tool joints and flexibility of the drilling rig, the drillstring is simplified to be a stepped fluid-conveying pipe composed of DP and DC, which is constrained by a fixed hinge at the well head and a movable hinge at the bottom hole (Fig. 1 ). The origin of the 
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The differences between Eq. (2.1) and the model of the drillstring-like system of Paidoussis et al. (2008) are mainly in two aspects: 1) except for the friction damping C f and density ρ f , all the physical parameters are different between the DP part and DC part; 2) WOB that is an important factor in the stability of the drillstring is included and the drill bit is constrained by a movable hinge. So, the present model and parameters are more closely related to a real system. In the following equations, subscripts 1 and 2 would be used to indicate the parameters associated with DP and DC, respectively. The term ( 
And for the DC segment
where p iL and p oL are fluid pressures of the bottom hole inside and outside the drillstring, respectively. They could be calculated based on the following assumptions: fluid pressure in the annulus is zero at the well head, namely, p o x=0 = 0; the local loss near the joint of DP and DC is ignored, and the variation of pressure p o with x is approximated as a piecewise linear function. Considering the pressure drop of the drilling fluid flowing through the bit jet (Zhang et al., 2005) , one obtains
Substituting Eqs. (2.2)-(2.5) into Eq. (2.1), the equations of lateral vibration of DP and DC could be obtained. The boundary conditions at the well head and bottom are
For convenience of the analysis, the following dimensionless quantities could be defined based on the parameters of DC
By substituting the quantities above into Eq. (2.1), the dimensionless governing equations for DP and DC are obtained, respectively. For the DP segment
and for the DC segment
The dimensionless boundary conditions are
Method of solution
It is difficult to solve Eqs. (2.7)-(2.10) of the stepped fluid-conveying pipe by means of the conventional Galerkin method, the multiple scales method and the differential quadrature method. Here, the finite element method that takes the Hermite polynomial as shape function is used.
The finite element method
The drillstring is divided into n elements by (n + 1) nodes. The length of the j-th element is L j = ξ j+1 − ξ j , and the lateral displacement η(ξ) is represented by means of cubic Hermite interpolation
where N ej and η ej are primary functions and nodal displacements of the j-th element, respectively, and denoted as
η j and ϕ j are deflection and rotation angles of the j-th node, respectively. Substituting Eq. (3.1) into Eqs. (2.7)-(2.8) and using the virtual work principle, we obtain the equation of motion of the j-th element as follows
where M ej , C ej , and K ej are the mass matrix, damping matrix and stiffness matrix of the j-th element, respectively. It should be noted that the element matrices of DP are different from those of DC. Assembling the element matrices in the global coordinate system and using boundary conditions (2.10), the finite element equation of the whole drillstring system could be obtained
where M, C and K are all global matrices of the order 2n corresponding to mass, damping and stiffness, respectively. The solutions to Eq. (3.3) could be expressed as
Substituting it into Eq. (3.3), gives
Equation (3.5) is a generalized eigenvalue problem, and the stability of the drillstring system could be determined by calculating the complex eigenvalues ω of the matrix E E = 0
Re(ω) and Im(ω) are the real and imaginary parts of ω, respectively. Re(ω) is related to modal damping of the system, and Im(ω) is the natural frequency. In the case of Re(ω) 0 and Im(ω) = 0 flutter instability occurs, and the fluid velocity at which Re(ω) increases to zero from negative values is called the critical flutter velocity u cf . Buckling instability happens when Im(ω) = 0, and the corresponding flow rate is the critical buckling velocity u cd . In this paper, u cf and u cd are all defined based on the internal flow of the DP segment.
Model validation
The correctness of the finite element method and the numerical model is verified by comparing the present results with those given by Dai et al. (2013) and Paidoussis et al. (2008) .
Firstly, the present model is reduced into a fluid-conveying cantilevered pipe that consists of an aluminum segment and a steel segment according to Dai et al. (2013) . These two segments have the same cross section and length, and the end of the aluminum segment is fixed. For the cantilever beam, the rows and columns that are associated with the fixed end in the global matrices of the present model are set to zero. The evolution of the first four complex frequencies with the flow velocity is illustrated in Fig. 2 . The dimensionless critical flutter velocity of the second mode is u cf = 7.8, which is completely consistent with literature (Dai et al., 2013) , and shows correctness of the finite element method. (Fig. 3) . This result can be compared to that given by Paidoussis et al. (2008) Figure 4 illustrates the first four complex frequencies of this DP-DC system varying with the flow rate U i1 , and indicates that the system is in the stable state for U i1 110 m/s. With an increase in U i1 , Re(ω) and Im(ω) all decrease gradually, and stability of the DP-DC system deteriorates.
In order to show the difference between the present stepped model and the uniform column model (Zhang and Miska, 2005) , the drillstring is also simplified as a uniform DP model, i.e. L 1 = 1000 m, L 2 = 0, the other parameters are chosen as the DP-DC model above. For this DP model, the first four complex frequencies ω that are functions of U i1 are obtained and shown in Fig. 5 . The system loses stability by buckling in its first mode at U i1 = 43.7 m/s, namely, u cd = 43.7 m/s. By comparing Fig. 5 to Fig. 4 , one could find that the stability characteristics of these two models are very different. Both natural frequency and critical buckling velocity of the stepped DP-DC model are all much higher than those given by the uniform DP model. Compared with DP model, DP-DC model has a lower neutral point and a higher stiffness of the compression section because the linear density and stiffness of DC are all larger than those of DP. This is consistent with the realistic well condition. As a result, DC could improve the stability of the drillstring system significantly, and the stepped DP-DC model could describe the stability of the drillstring system better. 
The effect of parameters on stability
In addition to the internal flow rate U i , the parameters such as WOB T L , borehole size D ch , well depth L and drilling fluid density ρ f also have effects on the stability of the drillstring system.
WOB
WOB is an important drilling parameter which influences drilling speed greatly and could be controlled by adjusting the hook load. With an increase in WOB, the neutral point gradually moves up. In order to avoid the DP from compression, the neutral point should be located in the drill collar. As a result, WOB should not exceed 98kN for the drillstring system at hand. Figure 6 shows the variation of the first four dimensionless complex frequencies with WOB (T L ) for U i1 = 5 m/s. It means that the drillstring system is stable under the normal drilling condition (T L 98 kN). Along with T L increasing, Re(ω) increases and Im(ω) decreases. It means that WOB is the instability drive of the drillstring system. As the WOB increases further, the buckling instability will occur eventually. (Fig. 7) and u cd = 70.9 m/s for D ch = 0.2413 m (Fig. 8) , respectively. It is shown that the drillstring system is more stable for the wellbore with larger size. Therefore, an increase in the fluid velocity, both inside and outside the drillstring, will drive the drillstring system buckling instability. 
Drillstring length
In the actual drilling operation, the structure and length of DC are determined according to the design WOB and remain constant, while length of DP increases in the drilling process. Keeping L 2 = 52 m, Im(ω) of the first four modes that varies along with length of the drillstring is illustrated in Fig. 9 . It shows that the relationship between Im(ω) and L is similar to a parabola. As the well depth increases, the stability of the drillstring system becomes worse, but the effect of the drillstring length on the stability is smaller and smaller. 
Drilling fluid density
In addition to carrying cuttings, cooling and lubricating bit, the drilling fluid plays important roles in stabilizing the borehole wall and balancing the formation pressure. The formation pressure is changing with the drilling depth and needs to be balanced by adjusting the drilling fluid density. The density ρ f exerts influence on its hydrodynamic characteristic and the buoyant weight of drillstring. Varying ρ f from 800 kg/m 3 to 1800 kg/m 3 , the first four natural frequencies are shown in Fig. 10 . With an increase in ρ f , the natural frequencies of the system increase slightly, and the stability improves in a minor way. 
Conclusion
The drillstring in a vertical well is reduced to a stepped fluid-conveying pipe composed of DP segment and DC segment. Considering the interaction among drillstring gravity, WOB, and drilling fluid that flows inside and outside the drillstring, we propose an analytical model of lateral vibration of the drillstring, discuss the dynamic stability by means of complex frequencies and come to the following conclusions:
• The DC segment whose linear density and stiffness are much larger than that of the DP, could improve the drillstring stability significantly and has a great effect on the dynamics of the whole system. Compared with the uniform string model, the stepped DP-DC model could reflect the dynamic characteristics of the drillstring system better.
• Both WOB and delivery capacity are sources of instability in the drillstring system, and they have a significant effect on the stability of the drillstring system. Buckling instability occurs eventually as these two parameters increase further.
• Along with the increasing well depth, natural frequencies decrease parabolically and the drillstring stability becomes worse. But this influence is smaller and smaller with an increase in the drilling depth.
• Drilling fluid density has a positive effect on the drillstring stability, yet in a minor way.
In the course of drilling operation, one could improve the dynamic stability of the drillstring system by taking actions such as increasing the DC length properly, optimizing the structure of BHA, reducing flow rate under the condition of ensuring cuttings carrying, adopting underbalanced drilling technology, and so on. With the development of logging-while-drilling and controlling technology, the dynamics of drillstring systems with feedback control may be the focus of research in the future.
